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INTRODUCTION

® Supervised Learning: Determining an unknown function given its
nonuniform samples

® The goalistorecover f : R? — R based on its noisy samples
Ym = f(xm), where T, € Rand m =1,2,..., M.

® (General formulation as a minimization problem:

M
min > B(f(@m) ym) +  AR(f)
m=1
\ -~ 7 N— e’
Data Fidelity Regularization




EXAMPLE

® Noisy Training Dataset
— Learned Function




REPRODUCING KERNEL HILBERT SPACES (RKHS)

® #(R%): Hilbert space of functions f: R? — R
® 7 (R%) is an RKHS, if the sampling functional is continuous.

Equivalently, 6(- — xo) € H'(RY)

® Unique reproducing kernel of H(R?): k:R?xR?Y -+ R such that

k(z,-) € H(RY), VfeHRY: flx)= (k= -),f(-))n



REPRESENTER THEOREM

® Supervised learning in an RKHS:

M

® Representer theorem [Scholkopf et al. 2001]: If the solution exists,

it is in the form of

® Linear combination of M kernels on data points



APPLICATION OF REP. THEOREM

M

® Optimal solution: f(x) = amk(T, )  am € R, T, € R
m=1

® Gram matrix: G € R"™*™ suchthat [Glmn =k(@m o) => |f]13, = a”Ga

M

® Reduced minimization problem: min E([Ga)m, ym) + Aa’ Ga

acRM
m=1

® Closed-form solution if E(y,z) = (v — 2)* (Tikhonov 1963)

a=(GTG+XG) GTy



SPARSE KERNEL EXPANSION

® Reducing complexity: crucial for large datasets
® Sparsity-enforcing loss: support-vector machines [Vapnik 1998]

® Sparsity-promoting regularizer: generalized LASSO [Roth 2004]

M

min E([Ga]maym) _|_>‘Ha’H€1

acRM
m=1

® Banach-space formulations: gTV regularization

[Unser et al. 2017, Bach 2017]



(GENERALIZED TOTAL VARIATION (GTV)

® gTV norm: ||L{f}||m, where L is an invertible LS| operator
® (M(RY),|-|lm) is a generalization of (L, (R%),|.|z,):

feLi@®RY = |fllam=flz
(- — xo) € M(RY), [|6(- — @) M =1

® [he corresponding native space:
MLR?) = {f : R = R; [[L{f}|;m < +oo}

® T[he shift-invariant kernel associated to L :

k=L"1{§}



REPRESENTER THEOREM

® Supervised learning with gTV regularization:

E(f(xm), ym) + Al|L
feﬂr;lir(le)Z Y IL{/HI

Representer theorem [Unser et al. 2017]: Under certain
assumptions, there exists an optimal solution that admits the kernel

expansion N
Zank(a} —Zn) am €R, 2z, € RY N < M.

n=1

® (lVregularization = ¢, penalty on the kernel coefficients

® Adaptive positions = Sparse representation



APPLICATION OF REP. THEOREM

® Optimal solution: f(+)

||M2
|
:

® Gram matrix: G, e RM*¥ such that [Gz]m.n = k(Tm — zn)

® Reduced minimization problem: ~ min Y " E([Gzalm.ym) + Alalls,

GERM,ZERdXN
m=1

® Grid-based algorithms: [Gupta et al. 2017,Debarre et al. 2019]

Suitable for low dimensional problems
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MULTIPLE KERNEL LEARNING

® Motivation: Increasing the model flexibility to have a more accurate
regression [Lanckriet et al. 2004][Bach et al. 2004].

® Hi,Ho...,Hn are N RKHS with the kernel functions ki, ko,...,kxy
N

® Learn a new positive-definite kernel k. =) ks,

® Joint minimization problem:
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MULTIPLE KERNEL REGRESSION WITH GTV

® Multi-component model for the target function

® Sparsity-promoting regularization

M N N
e B gy 2 B @) ym) +0 D ndfudlsa st f= D fo

Representer theorem: Under certain assumptions, there exists an
optimal solution that admits the kernel expansion

N M, N
f(x) = Z Zan,jkn(w — Zni), Gnj €R, z,; €RY Z M, <M
n=1j=1 el

® The number of active kernels is upper bounded by M

Independent of the number of components!!
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ADMISSIBLE KERNELS

® Proposition: Any function k : R* — R with the following properties is an
admissible kernel with respect to the gTV regularization:

1. Non vanishing, smooth and slowly growing frequency response E(w)

2. Heavy-tailed frequency response; k(w) > C(||w|| + 1)~°

® [Example: Characteristic function of heavy-tailed distributions.

® Example: Bessel potentials [Aronszajn1961]

o) =7 {7 o fiew
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EXAMPLES: SYMMETRIC-ALPHA-STABLES

ka,’y(way) — exp(—*y”:c o yHZ)? Q< (07 2)77 S R—l_
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2D KERNELS

k(x,y) = H k(z; — ;).
Higher ~

alpha=1,gamma=0.5 alpha=1,gamma=1 alpha=1,gamma=>5
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CONCLUSION

® \Ve considered a Banach space framework for supervised learning.

® Our framework suggests an adaptive kernel expansion for the
learned function.

® \We proposed a multi-component model for the target function with
glV regularization.

® Our representer theorem shows that the number of active kernels in
the multi-component model is upper-bounded by the number of
data points.

® \Ve identified some classes of kernel functions that are admissible
to our theory.

Challenge: Lack of algorithms for high dimensional data
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THANKS FOR YOUR ATTENTION!
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