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INTRODUCTION

• Supervised Learning:  Determining an unknown function given its 
nonuniform samples  

• The goal is to recover                    based on its noisy samples                                                      
.                    , where                and                          . 

• General formulation as a minimization problem: 
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ym ⇡ f(xm) xm 2 Rd
f : Rd ! R
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EXAMPLE
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REPRODUCING KERNEL HILBERT SPACES (RKHS)

•        : Hilbert space of functions  

•         is an RKHS, if the sampling functional is continuous. 

 Equivalently,   

• Unique reproducing kernel of           :                           such that 
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H(Rd) f : Rd ! R

�(·� x0) 2 H
0(Rd)

H(Rd)

H(Rd) k : Rd ⇥ Rd ! R

k(x, ·) 2 H(Rd), 8f 2 H(Rd) : f(x) = hk(x, ·), f(·)iH



REPRESENTER THEOREM

• Supervised learning in an RKHS:  

• Representer theorem [Scholkopf et al. 2001]: If the solution exists, 
it is in the form of    

• Linear combination of M kernels on data points 
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min
f2H(Rd)

MX

m=1
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H

f(x) =
MX

m=1

amk(x,xm) am 2 R,xm 2 Rd.



APPLICATION OF REP. THEOREM

• Optimal solution:  

• Gram matrix:                    such that  

  

• Reduced minimization problem:  

• Closed-form solution if                            (Tikhonov 1963) 
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SPARSE KERNEL EXPANSION

• Reducing complexity: crucial for large datasets

• Sparsity-enforcing loss: support-vector machines [Vapnik 1998] 

• Sparsity-promoting regularizer: generalized LASSO [Roth 2004] 

• Banach-space formulations: gTV regularization  

[Unser et al. 2017, Bach 2017]
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min
a2RM

MX

m=1

E([Ga]m, ym) + �kak`1



GENERALIZED TOTAL VARIATION (GTV)

• gTV norm :                , where     is an invertible LSI operator 

•                           is a generalization of                         : 

• The corresponding native space:  

• The shift-invariant kernel associated to    : 
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�
M(Rd), k · kM

�

f 2 L1(Rd) ) kfkM = kfkL1

kL{f}kM

ML(Rd) = {f : Rd ! R; kL{f}kM < +1}

(L1(Rd), k.kL1)

L

k = L�1{�}

�(·� x0) 2 M(Rd), k�(·� x0)kM = 1

L



REPRESENTER THEOREM

• Supervised learning with gTV regularization:  

• Representer theorem [Unser et al. 2017]: Under certain 
assumptions, there exists an optimal solution that admits the kernel 
expansion  

• gTV regularization           penalty on the kernel coefficients 

• Adaptive positions      Sparse representation
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)
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min
f2ML(Rd)
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n=1

ank(x� zn) am 2 R, zn 2 Rd, N  M.



APPLICATION OF REP. THEOREM

• Optimal solution:  

• Gram matrix:                    such that  

  

• Reduced minimization problem:  

• Grid-based algorithms: [Gupta et al. 2017,Debarre et al. 2019] 

Suitable for low dimensional problems

10

f(·) =
NX

n=1

ank(·� zn),
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MULTIPLE KERNEL LEARNING 

• Motivation: Increasing the model flexibility to have a more accurate 
regression [Lanckriet et al. 2004][Bach et al. 2004]. 

•                          are       RKHS with the kernel functions  

• Learn a new positive-definite kernel                        

• Joint minimization problem: 
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NH1,H2, . . . ,HN k1, k2, . . . , kN
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MULTIPLE KERNEL REGRESSION WITH GTV

• Multi-component model for the target function 

• Sparsity-promoting regularization 

• Representer theorem: Under certain assumptions, there exists an 
optimal solution that admits the kernel expansion 

• The number of active kernels is upper bounded by   

Independent of the number of components!! 

12

min
fn2MLn (Rd)

MX

m=1

E(f(xm), ym) + �
NX

n=1

kLn{fn}kM s.t. f =
NX

n=1

fn

f(x) =
NX

n=1

MnX

j=1

an,jkn(x� zn,j), an,j 2 R, zn,j 2 Rd,
NX

n=1

Mn  M

M



ADMISSIBLE KERNELS 

• Proposition: Any function                  with the following properties is an 
admissible kernel with respect to the gTV regularization: 

1. Non vanishing, smooth and slowly growing frequency response         

2. Heavy-tailed frequency response;  

• Example: Characteristic function of heavy-tailed distributions. 

  

• Example: Bessel potentials [Aronszajn1961]
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k : Rd ! R

bk(!)

bk(!) � C(k!k+ 1)�↵
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2

�
(x� y)



EXAMPLES: SYMMETRIC-ALPHA-STABLES 
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<latexit sha1_base64="D3g3sTC5dfP17BiLEEipgKsetBM=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCqJCLosuumygr1AE8pketIOnVyYORFLKPgqblwo4tbncOfbOG2z0NYfBj7+cw7nzB+kUmh0nG9rZXVtfWOztFXe3tnd27cPDls6yRSHJk9kojoB0yBFDE0UKKGTKmBRIKEdjG6n9fYDKC2S+B7HKfgRG8QiFJyhsXr2sYfwiHldDIag6IR6TKZD1rMrTtWZiS6DW0CFFGr07C+vn/Asghi5ZFp3XSdFP2cKBZcwKXuZhpTxERtA12DMItB+Pjt/Qs+M06dhosyLkc7c3xM5i7QeR4HpjBgO9WJtav5X62YYXvu5iNMMIebzRWEmKSZ0mgXtCwUc5dgA40qYWykfMsU4msTKJgR38cvL0LqouobvLiu1myKOEjkhp+ScuOSK1EidNEiTcJKTZ/JK3qwn68V6tz7mrStWMXNE/sj6/AEbLZWP</latexit><latexit sha1_base64="D3g3sTC5dfP17BiLEEipgKsetBM=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCqJCLosuumygr1AE8pketIOnVyYORFLKPgqblwo4tbncOfbOG2z0NYfBj7+cw7nzB+kUmh0nG9rZXVtfWOztFXe3tnd27cPDls6yRSHJk9kojoB0yBFDE0UKKGTKmBRIKEdjG6n9fYDKC2S+B7HKfgRG8QiFJyhsXr2sYfwiHldDIag6IR6TKZD1rMrTtWZiS6DW0CFFGr07C+vn/Asghi5ZFp3XSdFP2cKBZcwKXuZhpTxERtA12DMItB+Pjt/Qs+M06dhosyLkc7c3xM5i7QeR4HpjBgO9WJtav5X62YYXvu5iNMMIebzRWEmKSZ0mgXtCwUc5dgA40qYWykfMsU4msTKJgR38cvL0LqouobvLiu1myKOEjkhp+ScuOSK1EidNEiTcJKTZ/JK3qwn68V6tz7mrStWMXNE/sj6/AEbLZWP</latexit><latexit sha1_base64="D3g3sTC5dfP17BiLEEipgKsetBM=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCqJCLosuumygr1AE8pketIOnVyYORFLKPgqblwo4tbncOfbOG2z0NYfBj7+cw7nzB+kUmh0nG9rZXVtfWOztFXe3tnd27cPDls6yRSHJk9kojoB0yBFDE0UKKGTKmBRIKEdjG6n9fYDKC2S+B7HKfgRG8QiFJyhsXr2sYfwiHldDIag6IR6TKZD1rMrTtWZiS6DW0CFFGr07C+vn/Asghi5ZFp3XSdFP2cKBZcwKXuZhpTxERtA12DMItB+Pjt/Qs+M06dhosyLkc7c3xM5i7QeR4HpjBgO9WJtav5X62YYXvu5iNMMIebzRWEmKSZ0mgXtCwUc5dgA40qYWykfMsU4msTKJgR38cvL0LqouobvLiu1myKOEjkhp+ScuOSK1EidNEiTcJKTZ/JK3qwn68V6tz7mrStWMXNE/sj6/AEbLZWP</latexit><latexit sha1_base64="D3g3sTC5dfP17BiLEEipgKsetBM=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuCqJCLosuumygr1AE8pketIOnVyYORFLKPgqblwo4tbncOfbOG2z0NYfBj7+cw7nzB+kUmh0nG9rZXVtfWOztFXe3tnd27cPDls6yRSHJk9kojoB0yBFDE0UKKGTKmBRIKEdjG6n9fYDKC2S+B7HKfgRG8QiFJyhsXr2sYfwiHldDIag6IR6TKZD1rMrTtWZiS6DW0CFFGr07C+vn/Asghi5ZFp3XSdFP2cKBZcwKXuZhpTxERtA12DMItB+Pjt/Qs+M06dhosyLkc7c3xM5i7QeR4HpjBgO9WJtav5X62YYXvu5iNMMIebzRWEmKSZ0mgXtCwUc5dgA40qYWykfMsU4msTKJgR38cvL0LqouobvLiu1myKOEjkhp+ScuOSK1EidNEiTcJKTZ/JK3qwn68V6tz7mrStWMXNE/sj6/AEbLZWP</latexit>

Higher �
<latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="ck8pdC+ekZH4nUmSP+ZG7r8lEyk=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odOn4MoA7ncAFXEMIN3MEDdKALAhJ4hXdv4r15H6uuat66tDP4I+/zBzjGijg=</latexit><latexit sha1_base64="upVurhziJOgbPgVFpieQ76u+AaM=">AAAB9HicbZBLSwMxFIXv1FetVasLN26CRXBVZtzoUnDTZQX7gLaUTHrbhiYzQ3JHLGMX/hU3LhTxt7jz35g+Ftp6IPBxTsK9OWGipCXf//ZyG5tb2zv53cJecf/gsHRUbNg4NQLrIlaxaYXcopIR1kmSwlZikOtQYTMc387y5gMaK+PoniYJdjUfRnIgBSdn9UonHcJHyqpyOELDpqwz5FrzQq9U9iv+XGwdgiWUYalar/TV6cci1RiRUNzaduAn1M24ISkUTgud1GLCxZgPse0w4hptN5vvP2XnzumzQWzciYjN3d8vMq6tnejQ3dScRnY1m5n/Ze2UBtfdTEZJShiJxaBBqhjFbFYG60uDgtTEARdGul2ZGHHDBbnKZiUEq19eh8ZlJXB850MeTuEMLiCAK7iBKtSgDgKe4AXe4N179l69j0VdOW/Z2zH8kff5A+NalDY=</latexit><latexit sha1_base64="upVurhziJOgbPgVFpieQ76u+AaM=">AAAB9HicbZBLSwMxFIXv1FetVasLN26CRXBVZtzoUnDTZQX7gLaUTHrbhiYzQ3JHLGMX/hU3LhTxt7jz35g+Ftp6IPBxTsK9OWGipCXf//ZyG5tb2zv53cJecf/gsHRUbNg4NQLrIlaxaYXcopIR1kmSwlZikOtQYTMc387y5gMaK+PoniYJdjUfRnIgBSdn9UonHcJHyqpyOELDpqwz5FrzQq9U9iv+XGwdgiWUYalar/TV6cci1RiRUNzaduAn1M24ISkUTgud1GLCxZgPse0w4hptN5vvP2XnzumzQWzciYjN3d8vMq6tnejQ3dScRnY1m5n/Ze2UBtfdTEZJShiJxaBBqhjFbFYG60uDgtTEARdGul2ZGHHDBbnKZiUEq19eh8ZlJXB850MeTuEMLiCAK7iBKtSgDgKe4AXe4N179l69j0VdOW/Z2zH8kff5A+NalDY=</latexit><latexit sha1_base64="G37CJaMrArKrxrEiJaVKFird0aw=">AAAB/3icbZA9SwNBEIb3/Izx61SwsVkMglW4s9EyaJMygvmA5Ah7m0myZPfu2J0Tw5nCv2JjoYitf8POf+MmuUITX1h4eGeGmX3DRAqDnvftrKyurW9sFraK2zu7e/vuwWHDxKnmUOexjHUrZAakiKCOAiW0Eg1MhRKa4ehmWm/egzYiju5wnECg2CASfcEZWqvrHncQHjCrisEQNJ3QzoApxYpdt+SVvZnoMvg5lEiuWtf96vRiniqIkEtmTNv3EgwyplFwCZNiJzWQMD5iA2hbjJgCE2Sz+yf0zDo92o+1fRHSmft7ImPKmLEKbadiODSLtan5X62dYv8qyESUpAgRny/qp5JiTKdh0J7QwFGOLTCuhb2V8iHTjKONbBqCv/jlZWhclH3Lt16pcp3HUSAn5JScE59ckgqpkhqpE04eyTN5JW/Ok/PivDsf89YVJ585In/kfP4AUbmVnA==</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit><latexit sha1_base64="fdhKQ6pNpocV2I8o9Z81lkBCC5g=">AAAB/3icbZC7SgNBFIZn4y3G26pgYzMYBKuwK4KWQZuUEcwFsiHMTk6SITO7y8xZMawpfBUbC0VsfQ0738bJpdDEHwY+/nMO58wfJlIY9LxvJ7eyura+kd8sbG3v7O65+wd1E6eaQ43HMtbNkBmQIoIaCpTQTDQwFUpohMObSb1xD9qIOLrDUQJtxfqR6AnO0Fod9yhAeMCsIvoD0HRMgz5TihU6btEreVPRZfDnUCRzVTvuV9CNeaogQi6ZMS3fS7CdMY2CSxgXgtRAwviQ9aFlMWIKTDub3j+mp9bp0l6s7YuQTt3fExlTxoxUaDsVw4FZrE3M/2qtFHtX7UxESYoQ8dmiXiopxnQSBu0KDRzlyALjWthbKR8wzTjayCYh+ItfXob6ecm3fHtRLF/P48iTY3JCzohPLkmZVEiV1Agnj+SZvJI358l5cd6dj1lrzpnPHJI/cj5/AFL5laA=</latexit>

k(x,y) =
dY

i=1

k(xi � yi).



CONCLUSION

• We considered a Banach space framework for supervised learning. 

• Our framework suggests an adaptive kernel expansion for the 
learned function.  

• We proposed a multi-component model for the target function  with 
gTV regularization. 

• Our representer theorem shows that the number of active kernels in 
the multi-component model is upper-bounded by the number of 
data points. 

• We identified some classes of kernel functions that are admissible 
to our theory. 
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Challenge: Lack of algorithms for high dimensional data
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